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Abstrat
The bloking number of a manifold is the minimal number of points
needed to blok out lights between any two given points in the manifold.
It has been onjetured that if the bloking number of a manifold is nite,
then the manifold must be at. In this paper we prove that this is true
for 2-dimensional manifolds with non-trivial fundamental groups.
1 Introdution
It has been asked whether how lights on a manifold being bloked determines
the geometry of the manifold. In this paper we prove a onjeture about blok-
ing numbers for the 2-dimensional ase.
Throughout the whole paper, we let (M, g) to be a smooth, losed, orientable
2-dimensional Riemannian manifold, where g is the Riemannian metri. By a
geodesi segment we mean a geodesi γ : [0, a]→M where a is the length of γ.
Given two points on (M, g), we an onnet them by geodesi segments. We
dene the bloking number between the two points to be the minimal number
of points needed to blok all geodesi segments onneting them. The bloking
number of the manifold (M, g) is then dened to be the supremum of the blok-
ing numbers between any two points in (M, g). In some literatures, this number
is referred as the seurity threshold of (M, g). A manifold with nite bloking
number is said to be seure.
It is suggested that the bloking number of a Riemannian manifold ould
give some information about the geometry of that manifold. A general on-
jeture is that if (M, g) has nite bloking number, then the metri g must be
at. Our task in this paper is to show that this onjeture is true for orientable
surfaes with non-trivial fundamental groups.
Similar results for 2-dimensional tori have been obtained independently by
V. Bangert and E. Gutkin in a preprint posted on ArXiv on 22 Jun 08, using
an analogous but a somewhat dierent method, please see [4℄.
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2 Preliminaries and Previous Results
Let us assume that (M, g) is a smooth, omplete, ompat orientable Rieman-
nian manifold. We also assume that geodesis are parametrized by ar length.
If γ : [s0, s1] →M is a geodesi segment, we all γ(s0) and γ(s1) the endpoints
of γ and all other points of γ the interior points of γ. We say a geodesi segment
onnets two points x and y if the points are the endpoints of γ. A geodesi γ
is said to be bloked by a point z if z is an interior point of γ.
Given any two points in (M, g), we an dene the bloking number between
them as follows:
Denition 2.1 Let x and y be two points in (M, g). The bloking number
B(x, y) between x and y is a positive integer (ould be innite) that is the min-
imal number of points needed to blok away all geodesi segments onneting x
and y.
Next we an give the denition of the bloking number of a manifold.
Denition 2.2 The bloking number of a Riemannian manifold (M, g), de-
noted by B(M, g), is the supremum of the bloking numbers between any two
points in M . i.e.,
B(M, g) = sup{B(x, y)| x, y ∈M}
Example 1: Let (M, g) be a Hadamard manifold, whih means (M, g) is
simply onneted and has non-positive setional urvature everywhere, this way
we have B(M, g) = 1. This is beause given any two points in (M, g), the
Cartan-Hadamard theorem implies that these two points are onneted by a
unique geodesi segment.
Example 2: Let (M, g) be a at torus, then B(M, g) = 4. To see why this
is the ase, let us rst remark that bloking number is invariant under ane
transformation, therefore we an assume that (M, g) is the standard at torus
given by R2/Z2. Now we want to show that for any two points x, y ∈ R2/Z2
we have B(x, y) = 4. Without loss of generality, let us assume x be a point in
M and x˜ ∈ R2 with x˜ = (0, 0), suh that x˜ projets to x. Now if y is any other
point in M with oordinates (a, b) ∈ [0, 1] × [0, 1], then y is lifted to points in
R2 with oordinates (a+m, b+n), m,n ∈ Z. Let us onnet eah (a+m, b+n)
to x˜ by a straight segment γ˜m,n. It is easy to see that the projetions of γ˜m,n
to M oinide with all geodesis onneting x and y. Next, for eah (m,n) let
us onsider the midpoint of γ˜m,n to be its the bloking point. These bloking
points projets to M having oordinates (a2 ,
b
2 ) + (
1
2Z)
2/Z2. It is easy to see
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there ould be at most 4 of suh bloking points. Therefore we onlude that
the set of geodesis onneting x and y an be bloked by 4 points, sine x and
y are arbitrary, the bloking number of M is 4.
Example 3: Let (M, g) be a standard n− sphere, then B(M, g) = c, where
c stands for the ardinality of the ontinuum. This is beause if x and y are two
non-antipodal points, then they are onneted by exatly two geodesis, suh
that these geodesis form a great irle. Now if x and y are two antipodal points,
then they are onneted by a family of distint geodesis, eah of whih is a half
great-irle. This family of geodesis has ardinality of c and so B(M, g) = c.
The onsideration of bloking number ould originate from the study of
polygonal billiard systems and geometri optis. One interesting question is
that how the geometry of the manifold ould relate to its bloking number. To
begin with the disussions, let us remark a result that states at manifolds have
nite bloking numbers [?℄:
Theorem 2.3 Compat at manifolds have nite bloking numbers.
A natural question to ask is if the onverse of the above theorem is true.
Conjeture 2.4 A ompat Riemannian manifold has nite bloking number
if and only if it is at.
In [5℄, K. Burns and E. Gutkin have obtained a partial solution to the on-
jeture. They have related the bloking properties with metri entropy of the
geodesi ow.
Theorem 2.5 If M is a manifold without onjugate points, and the geodesi
ow of M has positive metri entropy, then B(M) is not nite.
Using this theorem, we an obtain the following result for manifolds with
everywhere non-positive urvature [7℄.
Corollary 2.6 Let (M, g) be a Riemannian manifold of non-positive urvature.
If the bloking number of (M, g) is nite, then (M, g) is at.
Proof: Assume that (M, g) has non-positive urvature and is not at, then
(M, g) has no onjugate or foal points. Aording to Pesin [10℄, this means the
geodesi ow of (M, g) has positive entropy, hene by Theorem 2.5, the bloking
number of M is not nite.
However the assumption of having no onjugate points is rather strong. For
instane if M is a torus and we assume that M has no onjugate point, this
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automatially means thatM is at by the Hopf's onjeture [2℄ and the bloking
number annot play a role here.
3 The Main Result
We are now ready to proeed to the main theme of this paper. Our main result
is that Conjeture 2.4 is true for two dimensional surfaes with non-trivial fun-
damental groups:
Theorem 3.1 Let (M, g) be a ompat, omplete, orientable 2-dimensional Rie-
mannian manifold with π1(M) 6= {0}, then (M, g) has nite bloking number if
and only if (M, g) is a at torus.
In view of Theorem 2.3, we only need to prove the only if part of the theo-
rem. First of all, let us reall the following lassiation theorem for ompat
orientable 2-dimensional Riemannian manifolds.
Theorem 3.2 The homeomorphism lasses of 2-dimensional manifolds are de-
termined by the genus.
Therefore what we will do is to separate the surfaes aording to their
genus. In the following we will prove some key lemmas and then we will use the
lemmas to investigate surfaes of dierent genus.
4 Key Tools and Lemmas
We now provide all notations and lemmas needed to prove Theorem 3.1. Let us
start by realling some fundamental onepts in Riemannian geometry.
Reall that (M, g) is a geodesi omplete, loally ompat Riemannian mani-
fold. If we denote by Lg(γ) the length of the urve γ, We an dene the following
metri dg(·, ·) on M :
dg(x, y) = infγ{γ : [a, b] →M ontinuous, γ(a) = x, γ(b) = y}
In this way (M,dg) an be onsidered a omplete metri spae. A ontin-
uous urve in M is said to be distane minimizing if the distane in terms of
dg between the end points is equal to the length of the urve. Next, we dene
a minimal geodesi to be a ontinuous urve that is distane minimizing on its
subsegments:
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Denition 4.1 A minimal geodesi is a geodesi segment γ : [a, b] → M suh
that for all s, s′ ∈ [a, b] we have,
dg(γ(s), γ(s
′)) = |s− s′|
In partiular, the Arzela-Asoli theorem, ompleteness and ompatness of (M,dg)
gives us the following version of the Hopf-Rinow theorem:
Theorem 4.2 Any two points of M an be onneted by a minimal geodesi.
It is easy to see that dg is realized by the length of the shortest minimal
geodesi, therefore we an all dg the geodesi distane on M .
Now if we onsider losed urves, i.e. γ : [a, b] → M satisfying γ(a) = γ(b).
A losed urve that is a geodesi is alled losed geodesi or periodi geodesi.
A periodi geodesi is minimal if it unwraps to a minimal geodesi.
Denition 4.3 Let γ be a periodi minimal geodesi and x be a point not on γ,
then the distane between x and γ, denoted by d(x, γ), is the shortest geodesi
distane between them as subsets, i.e.
d(x, γ) = inf{dg(x, y)|y ∈ γ}
Denition 4.4 Let γ be a periodi minimal geodesi and c be a minimal geodesi.
c is said to be asymptoti to γ if c does not interset γ and for all ǫ > 0, there
exists s0 > 0 suh that
d(c(s), γ) < ǫ, whenever s > s0
The rst lemma is a simple fat in dierential geometry:
Lemma 4.5 Two minimal geodesis originating from the same point will not
be minimal beyond their rst point of intersetion.
For a proof of the lemma, see for instane, [6℄.
We want to relate the bloking number ofM with periodi minimal geodesis.
Next we will present a ruial lemma that shows the ondition suh thatM must
have innite bloking number. Let us rst remark that if γ is a non-trivial pe-
riodi minimal geodesi, then for any suiently small ǫ > 0, the set
Uǫ(γ) := {x ∈M |d(x, γ) ≤ ǫ}
has γ as its retrat. Note that Uǫ(γ) is dieomorphi to an annulus. So if we
onsider the universal over M˜ of M , Uǫ(γ) is lifted to a innite strip. Also γ
will be lifted to an innitely long minimal geodesi γ˜.
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Lemma 4.6 If M has a losed minimal geodesi and another minimal geodesi
asymptoti to it, then M has innite bloking number.
Proof: Suppose the ontrary is true, that if x, y are two points in M , we have
B(x, y) <∞. We show that this ould lead to a ontradition by demonstrating
that there is a point x on the asymptoti minimal geodesi c stated above and a
point y on the losed geodesi γ, suh that the bloking number between x and
y annot be nite. To prove this laim, let y be any point on γ, then onsider
the lifts γ˜ of γ. y would be lifted to a ountable set of points yi in a long strip.
For any given point x on c we an onnet x to yi by a minimal geodesi γ˜i.
Eah of these γ˜i projets to M a geodesi γi onneting x and y.
If the point x is suiently lose to γ, then there must be innitely many γi
suh that eah of them wraps around γ in the same diretion as the asymptoti
geodesi c. We see that no two of these γ′is an interset at points other than x
and y. This is beause if γi and γj do interset, then their lifts γ˜i and γ˜j will in-
terset before they hit yi and yj respetively. This ontradits the fat that two
minimal geodesis originating from the same point will not be minimal beyond
their rst point of intersetion. For the same reason, eah of these geodesi γi
an only interset c at x.
So let us x x and y as above and show that B(x, y) = ∞. If not, let us
assume {zi} to be a nite set of points that blok all geodesis {γi}. Throw
away several points from {zi} if neessary, we ould assume that all zi are not
on γ. Hene there exists a neighborhood U of γ in M suh that no zi belongs to
U . As mentioned above the geodesi c enters and stay in U after a nite length,
and sine eah γi annot interset c before it hits the point y, there is a uniform
t0 suh that for eah i, γi(t) is in U for all t > t0.
So the innite set of geodesis γi|[0,t0], whih only interset at x, have to be
bloked by a nite set of points {zi}. This is a ontradition and the lemma is
proven.
Our next tool is monotone twist maps, whih an be used to analyze geodesi
behaviors on a 2-dimensional torus, details of monotone twist maps will be ov-
ered in the next setion. For now let us see how the previous lemma an prove
a weaker result onerning the bloking properties of a 2-dimensional torus.
Let us now assume that (M, g) is a 2-dimensional torus. The metri g is said
to be bumpy if all periodi geodesis of (M, g) are non-degenerate. We will now
show that a bumpy torus has innite bloking number.
Proposition 4.7 If (M, g) is a bumpy torus, then it has innite bloking num-
ber.
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Proof: Firstly, let γ be a shortest periodi geodesi of M . Then γ is a hy-
perboli geodesi due to Morse [1℄. This implies that γ is isolated. Now we
pik another periodi minimizing geodesi γ′ in the same homotopy lass, suh
that there is no periodi geodesi from this homotopy lass lies in the annulus
bounded by γ and γ′. This is possible sine γ is isolated, if γ is the only losed
geodesi in the homotopy lass that we an onsider γ′ = γ suh that the lift of
γ′ is next to the lift of γ. Now we observe that the annulus bounded by γ and γ′
does not ontain any periodi minimal geodesis sine geodesis from all other
homotopy lass must either interset γ or itself, but we know that a geodesi
that interset itself annot be minimizing. Therefore we onlude that for the
strip in R2 between the lift of γ and γ′, there annot be a urve whih is the
lift of a periodi minimal geodesi.
Using monotone twist maps, Bangert [8℄ [Th 6.8℄ proved that there exists a
minimal geodesi suh that c is ω-asymptoti to γ. So in partiular, if U is a
neighborhood of γ in T , c would stay inside U after a nite length. By Lemma
4.6 we an onlude that (M, g) annot have nite bloking number.
Note that Proposition 4.7 is an immediate orollary of our main result.
5 Proof of The Main Result
We now furnish the proof of Theorem 3.1. In view of Theorem 3.2, we ould
separate the surfaes in term of their genus g. We will rst prove that when
g = 1, the only ase that M has nite bloking number is the at torus. We
will then prove that when g > 1, M annot have nite bloking number.
5.1 genus g = 1
Let (M, g) be a topologial 2-dimensional torus, we want to show that if (M, g)
has nite bloking number, than g must be a at metri.
Our approah is the following: We will argue by rst assuming that (M, g)
has nite bloking number, next for eah free homotopy lass [α] of M , we all
an annulus bad if the annulus is bounded by two periodi minimal geodesis
from [α] suh that no other periodi geodesis exists in the annulus. We will
show that no bad annulus exists in (M, g). Afterwards we prove that this means
M an be foliated by periodi minimal geodesis of the lass [α]. This in turns
will imply (M, g) has no onjugate points and so by Hopf's Theorem g must be
a at metri.
Let us begin by introduing some notations. If γ(s) is a periodi minimal
geodesi in M , then its lift γ˜(s) is a minimal geodesi in (R2, g˜). Let us write
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γ˜(s) = (ξ(s), η(s)) where ξ and η represents the oordinates of γ˜ in R2. We an
dene the average slope α of γ˜ by setting α(γ˜) := lim|s|→∞ η(s)/ξ(s).
Here is a property of the funtional α proven in [8℄:
1) If ξ(s) is surjetive then α(γ˜) exists in (−∞,∞). If ξ(s) is not surjetive
then ξ(s) is bounded and we will dene α(γ˜) = ∞.
Denition: Let (q, p) ∈ Z2, denote by T(q,p)(x) the ation of the group Z
2
on
R2 that translate the point x by (q, p).
Denition: A lifted periodi geodesi γ˜ has period (q, p) ∈ Z2 − {0} if the
translation T(q,p)γ˜ and γ˜ oinide up to parametrization. The minimal period
of a geodesi is the pair (q, p) suh that the geodesi has period (q, p) and p, q
are relatively prime. Obviously, if a periodi minimal geodesi γ˜ has period
(q, p), then α(γ˜) = p/q.
Note that if two periodi minimal geodesis are in the same homotopy lass
then their lifts have the same minimal period. It is also easy to see that two
distint periodi minimal geodesis with the same period do not interset [6.6
of [8℄℄. In the following, we will assume a periodi geodesis γ are equivalent to
its iterates nγ, n ∈ N.
Now we are ready to show that a torus with nite bloking number is at.
Firstly let us state a lemma that is similar to Lemma 4.6.
Lemma 5.1 If (M, g) has two periodi minimal geodesis from the same ho-
motopy lass, suh that the annulus bounded between does not ontain other
periodi minimal geodesi, i.e. if M has a bad annulus, then the bloking num-
ber of (M, g) is innite.
Proof: Denote one of the periodi minimal geodesis by γ. Aording to 6.8
of [8℄, there exists a minimal geodesi suh that c is ω-asymptoti to γ. So in
partiular, c is asymptoti to γ aording to Denition 4.4. Therefore we an
apply Lemma 4.6 to onlude that the bloking number of (M, g) is innite.
Note that in the above lemma, we an replae the phrase 'does not ontain
other periodi minimal geodesis' by 'does not ontain other periodi minimal
geodesis of the same homotopy lass'. It is beause periodi geodesis of other
homotopy lasses must interset either one of the boundaries of the annulus or
is a higher iteration of the geodesi itself.
Let [α] ∈ π1(M), by the rst variation formula we know that there is at
least one periodi minimal geodesi. The following proposition shows that if
no periodi minimal geodesi in [α] is isolated, then M is foliated by periodi
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minimal geodesis from this homotopy lass.
Proposition 5.2 Fix [α] ∈ π1(M), if for any two periodi minimal geodesis γ
and γ′ of [α] there is a periodi minimal geodesi of [α] that lies in the annulus
bounded by γ and γ′, then M is foliated by periodi geodesis in [α].
Proof: Let γ be the shortest periodi geodesi from the free homotopy lass [α],
this losed geodesi lifts to (R2, g˜) to a minimal geodesi γ˜. Let γ′ be another
periodi minimal geodesi from [α] and γ˜′ be the orresponding lift. If there
is no suh geodesi then we let γ = γ′ and γ˜′ be the minimal geodesi in R2
neighboring γ˜ and projets to γ. Next we assert the following is true.
Claim: For any point x in the strip bounded by γ˜ and γ˜′, there is a minimal
geodesi cx passing through x suh that α(cx) = α(γ) = α(γ
′).
PROOF of Claim: To prove this laim, assume that the minimal geodesis
γ˜ and γ˜′ have minimal period (q, p). Let x ∈ R2 be a point that lies in the strip
between them. Denote by x1 = T(q,p)x, and xi+1 = T(q,p)xi, ∀i ∈ N. Then we
an onnet eah xi to x by one minimal geodesi ci.
Note that eah ci annot touh or ross eah of γ˜ and γ˜
′
transversely . It
is beause if ci rosses say, γ˜ transversely, then it has to ross it at least twie,
and we know that geodesis that interset eah other twie annot be minimal
beyond the intersetions. If ci touhes γ˜ then this will ontradit the uniqueness
of geodesi for a given initial point and tangent vetor. This means all ci stay
in the strip.
Now, let vi be a vetor in UxM , the unit tangent sphere at x, suh that
vi = c
′
i(0). Then {vi} is a set of vetors in the ompat sphere. So there is
a limit v = limi→∞ vi. Let c(s) be the forward omplete geodesi satisfying
c(0) = x, c′(0) = v. We now show c(s) stays the strip for all s > 0. Suppose
not, say, c(s) intersets γ˜ transversely at some point. Then there is an ǫ > 0 and
s0 > 0 suh that c(s0) is not in the strip and lay outside of the ǫ-neighborhood
of γ˜.
Sine a geodesi is a solution of a seond order ODE, the solutions with ini-
tial point x ontinuously depend on the initial vetor v. Also as M is geodesi
omplete, the geodesi ow φs(x, v) on the unit tangent bundle of T is dened
for all s > 0. Let f : UM → T be the omposition of the time-s0 map restrited
to UxM , φs0(x, ·) : UxM → UM with the projetion π : UM → M given by
(x, v) 7→ x, i.e. f = π ◦ φs0 . Then f ontinuously depends on v. So for the
geodesi c there exists a δ > 0 suh that for all geodesis c¯ with c¯(0) = x and
c¯′(0) = v¯ for ‖v−v¯‖ ≤ δ, we have d˜(c¯(s0)−c(s0)) ≤ ǫ. Reall that v = limi→∞ vi
and ci is the geodesi at x with initial vetor vi, so by the arguments above there
exists arbitrarily long ci suh that ci(s0) lies outside the strip. In partiular ci
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rosses the boundary of the strip transversely. However this is not possible sine
ci onnets two points in the strip, if it ross the boundary than it will interset
the boundary minimal geodesi twie, this ontradits the assumption that ci
is a minimal geodesi.
This means that c must stay inside the strip, it is now easy to see that
α(c) = α(γ′) = α(γ) and so the laim true.
Now the laim is true so we an then applies Theorem 6.7 of [8℄, that c is
either periodi or is ontained in a strip between two periodi minimal geodesis
c− and c+. For the latter ase the strip between c− and c+ ontains no other
periodi minimal geodesi. This will ontradit our hypothesis so c an only be
periodi. This means eah point x ∈ M lies on a periodi geodesi in [α] and
the proposition is proven.
Now we an nalize the proof of Theorem 3.1 for the ase when the genus
g = 1.
Proposition 5.3 If (M, g) is a 2-dimensional torus with nite bloking number,
then (M, g) is at.
Proof: Assume that (M, g) has nite bloking number. Aording to Lemma
5.1, if [α] is a free homotopy lass then between any two periodi minimal
geodesis of [α] there exists another periodi geodesi. Sine the free homotopy
lass [α] is arbitrarily, Proposition 5.2 implies that periodi minimal geodesis
in any xed free homotopy lass foliate M . So aording to Innami [Corollary
3.2℄ [9℄ (M, g) does not have onjugate points and so by Hopf's Theorem, g must
be a at metri.
5.2 genus g > 1
We now let M be a surfae of genus g, where g ≥ 2. Let g be any metri on T .
We will now show that (M, g) must have innite bloking number:
We will make use of Lemma 4.6 again, whih states that if a losed surfae
has a periodi minimal geodesi and another minimal geodesi asymptoti to it,
then the surfae has innite bloking number.
Denition 5.4 Let γ be a losed geodesi on M . A ollar of γ is the image of
a dieomorphism f : S1 × [0, a]→M with f(S1 × {0}) = γ, a ∈ R+.
In the following, a periodi minimal geodesi is a losed geodesis with minimal
length in the homotopy lass. A ylinder is a manifold dieomorphi to the
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produt of an interval (open or losed) and S1.
We will show that a surfae of higher genus has a losed geodesi and a ollar,
suh that the ollar ontains an asymptoti geodesi. One this is established
the proof of our desired result is trivial.
Let [α] be a homotopy lass of M whih represents the ross setion of a
'handle' of M . Using the variation formula we know there is at least one peri-
odi minimal geodesi γ ∈ [α]. As a matter of fat, periodi minimal geodesis
of [α] are well ordered:
Lemma 5.5 Periodi minimal geodesis of [α] form a totally ordered set.
Proof: Reall that no two periodi minimal geodesis from [α] interset, this
is beause if they do, then their lifts to the universal over will interset eah
other more than one time, this ontradits the assumption that both geodesis
are minimal. Sine we also assume that the genus ofM is greater than 1, losed
geodesis from [α] annot homotopially pass the portion ofM ontaining other
handles. Therefore we onlude that periodi minimal geodesis of [α] form a
totally ordered set.
Proposition 5.6 If M is a surfae of genus g ≥ 2, then there exists a losed
geodesi γ and a ollar suh that exept γ, there is no losed geodesis homotopi
to γ that interset the ollar.
Proof: As above, let [α] be a homotopy lass of M whih represents the ross
setion of a 'handle' ofM . Our laim is that there is a periodi minimal geodesi
of [α] with a ollar suh that no geodesis of [α] that interset the ollar.
By Lemma 5.4, periodi minimal geodesis of [α] form a totally ordered
set. We also know that periodi minimal geodesis are the ritial points of
the length funtional, therefore the set of minimal geodesis is losed. Hene
with respet to the ordering on minimal geodesis of the lass [α], there is a
'maximum' γ and 'minimum' γ′ so that all periodi minimal geodesis of [α] lies
in the ylinder bounded by γ and γ′.
If γ and γ′ are the same geodesi, there ould be two possibilities. The rst
one is that there is only one periodi minimal geodesi γ in the lass [α], in
this ase we an nd a neighborhood of γ suh that its retrat is γ. Sine there
is only one minimal geodesi, the neighborhood ontains a ollar, and the only
periodi minimal geodesi ontained in the ollar is γ itself, thus the statement
of the Proposition is true in this ase.
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The seond possibility is that there are more than one periodi minimal
geodesi. In this ase if γ and γ′ are the same geodesi, then the geodesi γ has
to homotope along the handle and overlap with itself. However sine the genus
of M is stritly greater than 1, this annot be done. Therefore we onlude
that for the ase where γ and γ′ are the same geodesi, there ould only be one
periodi minimal geodesi and we are done.
Now suppose that γ and γ′ are two distint periodi minimal geodesis. Note
again that γ annot interset or touh γ′. Hene if we denote by K the ylinder
bounded by γ and γ′, there is a neighborhood U of K that is dieomorphi to
a ylinder. Now sine there is no periodi minimal geodesis from [α] outside of
K, the set (U ∪γ)\K ontains a losed geodesi γ and a ollar suh that exept
γ, there is no losed geodesis homotopi to γ that interset the ollar, nishing
the proof of the Proposition. 
Next proposition will diret us to the proof of higher genus ase of Theorem
3.1:
Proposition 5.7 If M is a surfae of genus g > 1, then M has a losed minimal
geodesi and another minimal geodesi asymptoti to it.
Proof: Aording to Proposition 5.5, M has a periodi minimal geodesi γ and
a ollar C suh that exept γ, there is no losed geodesis homotopi to γ that
intersets C.
Note again that C is dieomorphi to a ylinder. We now ut an open
neighborhood U of C out suh that U is dieomorphi to a ylinder, then γ is
the shortest losed geodesi in U . After that we smoothly glue a losed Rie-
mannian ylinder to U , we would then obtain a 2 dimensional Riemannian torus.
Sine γ is the shortest losed urve in the U , we an glue the ylinder to U
suh that γ remains to be the shortest losed geodesi in the homotopy lass.
For instane, let the metri of the ylinder be that all losed urves in it have
lengths not shorter than γ, whih is possible sine the length of eah boundary
of U is not shorter than γ. This way we an guarantee that γ, as a losed urve
of the torus, is the shortest in its free homotopy lass.
We know that the geodesi behaviors of a surfae is ompletely determined
by the metri. In partiular, the geodesi behaviors of C as a subset of M is
the same as that of C as a subset of the glued 2 dimensional torus. Now as a
subset of the glued torus, C does not ontain any periodi minimal geodesis
homotopi to γ. If we onsider the universal over R2, γ is lifted to a innitely
long minimal geodesi γ˜ and the ollar C is lifted to a strip C˜. Let γ˜′ be the lift
of an adjaent periodi minimal geodesi from the same homotopy lass suh
that γ˜ and γ˜′ bound C˜. This ould be either one of the followings:
12
a) γ˜′ is the lift of a distint periodi minimal geodesi.
b)γ˜′ is another lift of γ whih is adjaent to γ˜.
In ase a we laim that γ˜′ annot interset C˜. To see why this is true, let
us rst remark that periodi minimal geodesis of a torus are exatly the lifts
of losed geodesis whih have minimal length in their free homotopy lass, see
6.6 [8℄.
If γ1 is a losed urve homotopi to γ that lies ompletely in C, then the
length of γ1 is stritly greater than the length of γ, this is beause there is no
other periodi minimal geodesis in C.
Now we assume that γ1 is a losed urve partially lies in C. Note that in
the gluing proess we ensured that all losed urve outside C is longer than γ.
Together with the fats that both boundaries of C is not shorter than γ, we see
that γ1 annot be shorter than γ.
What matters in both ase a and b is that γ˜′ and γ˜ bounds a strip that on-
tains C˜, and the strip does not ontain any periodi minimal geodesis of the
same homotopy lass. So we an apply Theorem 6.8 of [8℄ to show that there is
a minimal geodesi c in the strip whih is ω-asymptoti to γ˜. Now we onsider
the portion of the minimal geodesi c whih stays in C˜, this geodesi projets
to a minimal geodesi asymptoti to γ. Finally, sine the geodesi behaviors of
an area is determined loally by the metri, therefore if we revert the utting
and gluing proedures that hanges M to a 2 dimensional torus, the geodesi c
staying in the ollar C remains exatly the same. Therefore on the surfae M ,
c is a minimal geodesi asymptoti to the periodi minimal geodesi γ and the
Proposition is proven.
With the above propositions and lemma, we an now prove the following
proposition:
Proposition 5.8 If M is a losed Riemannian surfae with genus greater than
or equal to 2, then the bloking number of M is innite.
Proof: By Proposition 5.6, M has a losed minimal geodesi and another min-
imal geodesi asymptoti to it. Therefore we an apply Lemma 4.6 to onlude
that M has innite bloking number. 
Combining the statements of Propositions 5.3 and 5.7, and using Theorem
3.2, we have proven Theorem 3.1.
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